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A methoddevelopedby Arnold to provenonlinearstability of certainsteadystatesfor idealincompressibleflow in
two dimensionsis extendedto thebarotropiccompressiblecase.The resultsareapplied to planeshearflow.

Thispaperusesa convexitymethoddue to Arnold [1] to provea priori stability estimatesfor smoothsolu-
tionsof planaridealbarotropicfluid flows. Theestimatesobtainedgive L2 boundson perturbationsof momen-
tum density,massdensityandvorticity for a givenstationarysolution whoseBernoulli function andinternal
energydensitysatisfycertaininequalities.Theestimatesare global in time andarevalid aslongas the solutions
beingestimatedremainsmoothand,in a sensemadeprecise,do notundergocavitation.Arnoldusedthis method
to studythe incompressibleplanarcase,wherehisstability criteriaestablishedthenonlinearstability of flows
satisfyingRayleigh’sinflection pointcriterion.We developsimilar resultsfor thecompressiblecase.We notethat
L2 estimatesare obtainedon thevorticity but not on the divergenceof thevelocity field. This is consistentwith
the formationof shocks,which are generallyexpected;at suchtimes,thesolutionsceaseto besmoothandour
resultsceaseto apply.

The idea for the methoddependson thehamiltonianstructurefor compressibleflow which hasrecentlybeen
developedby Morrison and Greene[2], Holm andKupershmidt[3] and,in a way correspondingto Arnold’s
methodfor incompressibleflow, by Marsden,Ratiu andWeinstein[4]. One finds that the equationsareLie—
Poissonequationson the dual of theLie algebraof thesemi-directproductof vectorfields andfunctions.On each
coadjointorbit (the “Lin constraint”)the equationsarehamiltonianin theclassicalsense,andcritical pointsof
thehamiltonianrestrictedto anorbit correspondto stationarysolutions.Arnold [5,6] developeda formal stability
criterionby demandingthat thesecondvariationof thehamiltonianrestrictedto the orbit be definite.We call
this formal becausein the infinite-dimensionalcaseof concernto us,this methoddoesnotgive a rigorousproof
of nonlinearstability due to difficultieswith thetopologiesinvolved.Thiswaspointedout in Marsdenand
Abraham [7] andEbinandMarsen[8] andmusthavebeenknown to Arnold.Thereare similardifficulties with
stability in elasticity andit isknown that the second-variationmethodcan, in a certainsense,fail [9,10]. The
formal stability methodgivesstability for linearizedsolutionsbut doesnot, asformulated,provenonlinearstabii.
ty. Thismethodhasbeenusedfor exampleby Benziet al. [11] to prove formalstability of certainplanetary
vortices.

Arnold [1] developeda convexitymethodwhich overcomesthe difficulties with formal stability. Themethod
is motivatedby the formal stability arguments,butdoesnot, strictly speaking,dependon them.Thecrucial
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point is to addto thehamiltonianE a conservedfunctionalF which plays therole of a Lagrangemultiplier con-
straint for theorbit. Thenoneusesconvexitymethodsto estimateE + F for finite perturbationsof a given
stationarysolution.

It is interestingto notethat formal stability criteria similar to Arnold’s were developedfor plasmatheoryby
KruskalandOberman[12] and that a nonlinearstability methodsimilar to Arnold’s convexitymethodwas
developedby Newcomb [13] andby Rosenbluth[14].

Our resultsare limited to smoothcompressibleflows. It is knownthatw/p = vorticity/densityis not transported
acrossshocks,andadditionalw/p canbe createdby theshocks.It is not known how to dealwith this problem.

In a forthcomingpaper,we shall dealwith additionalexamples:adiabaticthree-dimensionalcompressibleflow,
two-dimensionalmagnetohydrodynamics,the Poisson—Vlasovequationsfor one-dimensionalplasmas,andmulti-
layerquasigeostrophicsystems.

We shall denotestationarysolutionswith a subscripts.Thus,u5,p5andw5are thevelocity, densityandvorti-
city of a stationarysolution.The finite perturbationsare denotedv = + z~u,p= + L~pandw = + ~w.
Note that~ denotesa finite perturbationandnot the laplacian.

Considercompressiblefluid flow takingplacein a domainD C R
2 with smoothboundary.The barotropic

fluid equationsdefinea dynamicalsystemin the spaceof fluid velocitiesu (x ,y, t) andmassdensitiesp(x,y, t)
by

du/dt=—Vh(p), dp/dt= —p divu , (1)

whered/dt= a/at + u V is thematerialderivativeandh(p) is thespecificenthalpy,a given function,relatedto
the barotropicpressure,p(p),by dh/dp= p~ dp/dp.

Planarfluid flow is thoughtof as taking place in the(x , y)planeof R3. Denotingby n thepositively oriented
unit vectoralongthez axis, thevorticity w is definedto bethe real-valuedfunctionon R2 givenby w = n-curl
u= V2x — v

1~,,wheref~= af/ax andfy = af/ay denotethepartial derivativesof the real-valuedfunctionf.Using
the relationsV(v

2/2)= (u.V)u— wn X u anddiv(pu)= (uV)p + p div(u)in eqs.(1) andapplyingthe operator
n-curl to the first equationyields&./dt = —~ divu, which combinedwith thesecondequationof(l) implies
d(w/p)/dt= 0, sothat for every real.valuedfunction of a realvariableF(s), the functional

F~(w/p):rrffp4~(w/p)dx dy

is a conservedquantityof the system(1) (providedthe integralexistsandthe solutionsaresmooth).Another
conservedquantityis thetotalenergy

E: J’f [pu2/2+ e(p)] dx dy,

wheree(p)is the internalenergydensityof the fluid, relatedto the specific enthalpyby de/dp = h(p).
Theequilibrium statesof the system(1) arethe stationary,two-dimensional,barotropic flows. For suchsta-

tionary flows, thegradientvectorsV(v~/2+ h(p
5)) andV(w1/p5)canbeshownto be orthogonalto thevelocity.

Consequently,thesegradientvectorsarecollinear,providedthey do notvanish.A sufficientconditionfor this
collinearityis thefunctional relationship

v~/2+ h(p5)= k(w5/p5) (2)

for somefunctionk(~),~E R, definedwhereverV(w5/p5) doesnotvanish;k is calledtheBernoulli functionand
relation(6) representsBernoulli’s law.Applying the operator(p5/w5) ii X V to (2) we get

p~u5= (i~Io~)n X Vk(w5/p5) (PsI’~’s)(ky(ws!Ps),k~(w5/p5)). (3)
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We shall now provethefollowing proposition:

Proposition.Within theframeworkof smoothsolutionswithvelocity fields parallelto the boundaryand fIxed
circulationon theboundary,a stationarysolutionu5,c~of the idealcompressiblebarotropicfluid equations(1)
is a conditionalextremumpointof thetotal energyE for fixedvorticity integralFc, andan absoluteextremum
point ofH=E+F~,where

k(t) dt+const),

kbeing the functionconstanton streamlinesgivenby Bernoulli’s law.

After integrationby parts,the derivativeof H at (u, p) in the directionz~u,L~pis

DH(u,p)-(~u,~p) =ff {[v
2/2 +h(p)+ ~(w/p) — (w/p) F’ (w/p)i~p

+ [pu—n X V~’(w/p)]-z~u}dx dy + a~~‘(w/p)~u.d1. (4)

Fora stationarysolution,theconnectedcomponentsof the boundary~Dare streamlines.Since for stationary
solutions, flow linesandstreamlinescoincide,ando.,

5/p5 isconstantalongtheflow, it follows that4’(w5/p5)
is constanton thecomponentsof ~D.Thus, the boundarytermbecomes

i~u-dl.

Since thevariationssatisfy~ L~u-d1= 0 for eachconnectedcomponentC1 of ~D, theboundaryterm C1 vanishes.
Eq. (4) showsthat DH(u5,p5)vanishesfor a stationaryflow obeying(2), providedthat 1 is relatedto the
Bernoulli functionbyk(~)+ I~3~)— ~‘(~) = 0, from which thepropositionfollows.Differentiatingwith respect
to ~ implies~ ~ k’(~)— ‘F”(~)= 0. The secondtermin the double integralof (4) vanishessinceV4’(w5/p5)= (p5/

~) Vk(o~/p5).
In a finite-dimensionalhamiltoniansystem,it is a classicalresultof Lagrangethat definitenessof the second

derivativeof thehamiltonianat a fixedpoint of theflow impliestheLyapunovstability of thefixed point [15].
In the infinite-dimensionalcase,therearedifficulties with this ideadue to theinconsistencybetweenthefunc-
tion-spacetopologyneededfor the infinite-dimensionalcalculusto work and thetopologyof the secondvariation.
(See,e.g. refs. [9,101andref. [4], Ch. 6 for relevant examplesin elasticity.)However,it is instructiveto carry
out a formal stability argumentfor aninfinite-dimensionalsystemto seewhat kind of expressionsone might
hopeto boundby useof a rigorousstability argument.Since thecompressibleidealbarotropicfluid equations
arehamiltonian[2—4]sucha formalanalysisis applicablein this case.

Westart with the remarkthat insteadof theenergy,one canuseH = E+ F,~asthehamiltonian.This is because
‘F is suchthat the stationaryflows arecritical pointsof H andF,~Poisson-commuteswith any function sinceit
is an orbit invariant(F,~is, thus, a Casimir functionin the senseof Weinstein[17]).

In theclassof smoothsolutionswith fixed circulationson theboundarycomponents,we have

DH(u, ~ ~p) = ffq,~2,I2+ h(p) — k(w/p)} ~p + [pu — (p7w)n X Vk(w/p)] ~u} dx dy.

The quadraticform definedby thesecondderivativeat thestationarysolutionis
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D2H(u
5, p1)-(~~u,z~p)

2=~~J-{p~u + u~~ 12 + [e”(p
5)— v~/p5](~p)

2

—1 ‘ 2+ k (w
5/p5) [(p5i~w — w5z~p)/p5]}dx dy (5)

This form ispositivedefiniteif andonly if:
(i) e”(p~)— v5

2/p~= (c~— v~)/p
5>0

wherec5 is thesoundspeedof the stationarysolution defmedby p5e”(p5) = is the soundspeedof thestation-
ary solutiondefinedby p5e”(p5)= c~,i.e., the stationaryflow is everywheresubsonic,and

(ii) (p5/w5)k’(w5/p5)= cF”(w5/p5)= V(v~/2+

(recall that thesetwo gradientsare collinear),i.e., thesetwo gradientvectorspoint in the samedirection through-
out the stationaryflow.

Formallystableflows are alsopossiblewhenthe expression(5) is negativedefinite.This canhappenonly if
the flow is supersonicenoughthat themiddleterm overcomesthefirst andthird terms.ForP~= 1, and~p = 0,
formula (5) reducesto Arnold’s result [5].,

We shall now makea modified stability argumentrigorousin thecontextof smoothsolutions,andshall ad-
dressthe questionof non-linear(Lyapunov)stability. This will be doneby finding a priori estimateson the per-
turbationswhich will be expressedonly in termsof theBernoulli functionk.We hastento addthat our analysis
holdsonly for thesmoothregime;for if shocksoccur,and this is expectedto happengenerically,the quantity
w/p neednotbeconservedalong theflow lines(cf. ref. [18] pp. 221, 222).

Theorem 1. Assumethat the Bernoulli functionk and theinternalenergydensitysatisfy

~ (6)

wherea andA arepositiveconstantsandsimilarly,

0<e1~e”(r)~e2<°°, (7)

with constantse1,e2,andfor all valuesof the arguments.Let (au,z~p)be a smoothperturbationof a stationary
solution(u5,p5) anddenoteitsvalue at t = 0 by (~u0,‘~p0).Assumethat thecirculationof ~u0 on eachcom-
ponentof 8D is zero.Thentheperturbation(ku, ~p) of the stationarysolution(u5,p5) at any time t is estimated
in termsof(z~u0,i~p0)by

ff[i~~2+(ei j(~p)2 +a(p
5+~p)[~(w/p)]2] dx dy

~ +(e2 — ~ ~p0)(~p0)2+A(ps+z~pO)[z~(wIp)O]2]dx dy. (8)

Proof. Since the circulationof ~u0 is zeroinitially on thecomponentsof ~D, the circulationof i~uat any
latertimewill alsobe zero on thecomponentsof ~D,by Kelvin’s circulationtheorem.SinceEandF~are con-
servedalong theflow of (1), sois H(u5 + ~u,p5 + z~.p)— H(u5, p5).With thechoiceof’F of our proposition,
DH(u5,p5)= 0 sothatH(~u,~p): = H(u5 + z~u,p5+ ~p) — H(u5, p5) — DH(u5, p5)-(Au,tsp) is also conserved.
We shallestimateeachsummandof H.We have,after a short computation,
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E(~u,isp): = E(u5 + L~U,‘~+ ~p)— E(u~,p5) — DE(t5,p~)-(~u,~p)

= ff {[~ p5i~uI~+ (u)~p + ~ ~pk~uI
2] + E(PS + ‘~p)— e(o~)—e’(p

5)~p}dx dy

=~f(2+’~~— ~ ~ + + ‘NP) — e(p5)— e’(p5)z~p])dxdy. (9)

According to the convexityhypotheseson e, we havethe following inequalities,for all ~p:

e1 (~p)
2/2~ e(p~+ i~p)— e(~~)— e’(p

5)~p‘ e2(~p)
2/2

Consequently,E is boundedfrom aboveandbelowby

2E(~u,~p)~ff~1~ +(ei — ~ ) (~p)2]dx dy,

~ +(e
2_p~p)(z~p)2ldxdy. (10)

Next, we need to estimatethefunctional

fr~(~u, L~p) F,~(u5+ ~u, p5 + ~p) — F,~(u5,p5) — DF~(u5,p5).(~u,i.~p)

for’F givenby our proposition.Wehave

w
~ L~P)=ff[(P5 + z~’F( ~+ ~ ) ~ — [‘F(w5/p5) — (w5/p5)’F’(w5/p5)] Lip

w
— ‘F’(w5/p5) Liw] dx dy + Lip) [‘F(5÷ ~ ) —F (w5/p5) —‘F’(w5/p5) Li(w/p)] dx dy,

because

Li(w/p) = (w5 + Liw)/(p5 + Lip) — w5/p5 (p~Liw— w~Lip)/p5(p5+ Lip).

From(6), convexityof ‘Ff3) implies

~a[Li(w/p)]
2 ( ‘F(w

5/p5 + Li(w/p)) — ‘F(w5/p5) — cF’(w5/p5)Li(w/p) < ~A [Li(w/p)]
2

since~ k’(~)= ‘F”(~).Consequently,F,~is boundedby

afJ’ (p~+ Lip) [Li(w/p)]2 dx dy ( 2P,~(Liu, Lip)~<Aff~ + Lip) [Li(w/p)}2 dx dy. (11)

By (10) and(11)we find that2H(Liu, Lip) [ 2H(Liu
0,Lip0)] is boundedfrom below(above)by theleft (right)

handside of (8), whichprovesthe theorem.

The a priori estimatein thetheoremimplies stability for smoothsolutions,provided‘~+ Lip remainsbounded
away from zero.Underthesehypotheses,for e1 big enough,theleft-handside of the inequalitycanserveasa
measureof “smallness”with respectto which solutionsstarting“near” the stationarysolution remain“close”
to it. Ourhypothesisrequiringp = p~+ Lip to stay boundedawayfrom zeroexcludesspecifically the phenomenon
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of cavitation.In anycase,the inequality in the theoremshowsthat,up to thefirst shocktime, the perturbed
solution cannotstray toofar away from thestationarysolutionin the L2 type norm of the perturbed momentum
densityLi(p u), theperturbeddensity,and perturbed“vorticity” Li(w/p) given by the left-handside of (8). Note
thatwe do nothavean L2 boundon the divergenceof themomentumdensity.This is to be expected,since such
a bounddoesnot evenoccurin the linearizedsituation [seeeq.(5)].

An expedientway to excludecavitationis to strengthenhypothesis(7) in the theoremby replacingit with

0< e
1p5(Lip)

2/2(p
5+ Lip) ~ e(p5+ Lip) — e(p5) — e’(p~)Lip <e2p5(Lip)

2/2(p
5+ Lip) <00. (12)

In this caseof an “elastic fluid” (so-called,sincesuchinequalitiesappearin elasticity,indicating that it would
takeaninfinite amountof energyto tearthefluid apart)the a priori estimatebecomes(8), withe1 ande2 replaced
by elpS/(pS+ Lip) ande2p5/(p5+ Lip0).

The bound(12)is satisfiedby an equationof stateof Mie—Gruneisentype [19]. Namely,e(p)A/p +Bp + C;
the constantsA,B, C, areA = ep~/2,B = e’(p~)+ ep5/2,C= e(p5)— p5e’(p5)— ep~,ande1 ~ e ~ e2.

Wheninequalities(6) are reversedandestimatesaremadeof the concavityof F,~,one cantreatthecasewhere
‘F” <0.

Theorem2. Underthesamehypothesesasin Theorem 1 butwith (6) replacedby

0<a(— ~~—1k’(~)~A<00,

an estimateof the perturbation(Liu, Lip) of thestationarysolution(u5,p5) (with thecirculationof Liu0 vanishing
on eachconnectedcomponentof ~D) is given in termsof the initial perturbation(Liu0,Lip0) by

iLi(pu)1
2 U2ff[a(ps+Lip)[Li(w/p)]2 p+Lip _(e

2 — p~+LiP) ~]dx dy

~<ff[A~5+LipO)[Li(W/p)O}2 - ~OI - (el - ~Li)(Lipo)2]dx dy. (13)

Theproofis similar to that of theorem1, exceptworking with —H, andthe samecommentshold regarding
cavitation.However,in orderto get a stability estimate,onemustnow require that the left handside of (13)be
positivedefinite. This couldconceivablyhappenfor a sufficientlysupersonicflow.

Example:ShearFlow. A stationarysolutionof (l)in the strip {(x,y)E R
21Y

1 ~<y~ Y2}, is givenby the
planeparallelflows with arbitraryvelocity profile u5(x,y)rz(u(y), 0) andconstantdensityp5 = 1. Wecanallow
x to beunrestrictedin R or to beperiodic.In the formercase,we require that theperturbationsallowedbe
initially squareintegrablein the sensethat the right-handside of(13)be finite. Notethat (w5/p5) (x,y)= —u’(y).
Letc~denotethe soundspeedof this stationarysolution.By our earlier analysisthis flow is formally, hence
linearized,stableif andonly if c~— u(y)

2 > 0 andu(y)/u”(y)> 0. By exploitingthetranslationalsymmetryof
theproblem,one finds that linearizedstability alsoholdsif [u(y) — u

0]/u”(y)> 0 for a constantu0.Thehypo-
thesison the existenceof the Bernoulli function k is in this caseu”(v) ‘�~0. In otherwords,planeparallelflows
with constantdensityandvelocityprofile with noinflection point areformally, hencelinearly, stable.The anal-
ogousresultin the incompressibleproblemiscalledRayleigh’stheorem[20]. Subsequentdevelopmentsin the
incompressiblecaseare discussed,e.g.,by DrazinandReid [21].

We turn now to thestudy of our apriori estimatesfor this shearflow. Forthis, we mustcomputetheBernoulli
functionk from its definingrelation(2)underthehypothesisV(w~/p5)= —u”(y)* 0. Denotingby 4 the inverseof
u,wegetk(~)= u [~(fl]2/2+ h(1) andthusk’(~)= —u(Ø(~))u’(~(~))/u”(~))= ~u(~(3~))/u”(4(~)),sothatcondition
(6) of theorem1 becomes
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0<a’~u(y)/u”(y)~A<°°. (14)

To get thea priori estimate(8), oneimposescondition(7), which boundse”(r). Condition(7), for example,is
satisfied for an ideal gaswith ‘y = 2, i.e., a monatomicgasin two dimensions.The a priori estimate(8) thenresults,
with = 1 andvelocity profile, u(y), satisfying(14), but arbitraryotherwise.

FortheMie—GrUneisenequationof statecondition(14) is sufficient for the a priori estimatefor the“elastic

fluid”, againwith = 1.

Parallel shear flows with one inflection point taking placeaty = 0 [u”(0) = 0] canalsobeconsidered,under
the assumptionthat the velocity profile is antisymmetricaboutthe inflection point,u(—y)= —u(y).For thecase
in which the ratio u(y)/u”(y) is positiveandboundedasin(l4), one againobtainsa priori bounds.Forexample,
onemay takeu(y)= arectanhy.

Compressibleshearflow in theplanecanalso be stationaryifu5(x,y) (u(y),0)andp5(x,y) f(y), for arbi-
trary functionsu(y),f(y).In this case,w5(x,y)/p5= —u’(~)/f(y)and theassumptionon theexistenceof the
Bernoullik is [u’(y)/f(y)]’ ~ 0. This flow is formally stableprovidedc~(y)— u

2(y)> 0 and ~• k’(~)>0, where
c
5(y) is the soundspeed.Thus,thestationaryflow mustbe subsoniceverywhere,andk(~)must be increasingas

a function of~
2/2.The a priori estimate(8) holds,if e andk satisfy (6) and(7), respectively.

Weare grateful to RonDiPerra,Tom Beale,Andy Majda,D. ter Haar,andSteveWanfor their helpful com-
mentson variousaspectsof this work.
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